In systems of ultracold atoms, pairwise interactions can be resonantly enhanced by a new mechanism which does not rely upon a magnetic Feshbach resonance. In this mechanism, interactions are controlled by tuning the frequency of an oscillating parallel component of the magnetic field close to the Bohr frequency for the transition to a two-atom bound state. The real part of the s-wave scattering length a has a resonance as a function of the oscillation frequency near the Bohr frequency. The resonance parameters can be controlled by varying the amplitude of the oscillating field. The amplitude also controls the imaginary part of a which arises because the oscillating field converts atom pairs into molecules. The real part of a can be made much larger than the background scattering length without introducing catastrophic atom losses from the imaginary part. For the case of a shallow bound state in the scattering channel, the dimensionless resonance parameters are universal functions of the dimensionless oscillation amplitude.
Introduction.-A unique feature of ultracold atomic physics is the ability to precisely control the interactions among particles all the way from zero interactions to infinitely attractive or repulsive interactions. This tunability has led to many breakthroughs in few-and manybody physics. In most current experiments, interactions are controlled by exploiting a magnetic Feshbach resonance (MFR), where an external magnetic field is tuned near the value B 0 where a pair of unbound atoms becomes degenerate with a two-atom bound state [1] . For ultracold atoms, the strength of interactions is determined by the s-wave scattering length a. Near B 0 , a is a simple function of the magnetic field B:
where a bg is the background scattering length, ∆ is the width of the resonance, and γ is non-zero only if the colliding atoms have a spin-relaxation scattering channel.
Other mechanisms for resonantly enhancing the scattering length have been proposed. In optical Feshbach resonance (OFR) [2] [3] [4] [5] [6] , laser light that is slightly detuned from a transition to an electronically excited pwave molecule induces a resonance in the scattering length. The resonance properties depend on the intensity of the laser. This technique has major limitations for alkali-metal atoms because the rapid spontaneous decay of the resonance molecule results in inelastic losses and severely limits the maximum value of the scattering length. In radio-frequency Feshbach resonance (rfFR) [7, 8] and microwave Feshbach resonance (mwFR) [9] , an oscillating magnetic field that is perpendicular to the spin-quantization axis of the atoms couples an atom pair to a molecule in another hyperfine channel, thereby modifying or inducing a resonance in the scattering length. These methods allow some control over the scattering length without introducing dramatic atom loss. One disadvantage of rf/mwFR is that the coupling between an atom pair and the resonance molecule tends to be very small, leading to very small enhancement of the real part of the scattering length. Also, it is difficult to produce large-amplitude rf and mw fields.
In this letter, we examine a new mechanism, modulated-magnetic Feshbach resonance (MMFR), for resonantly enhancing the scattering length in ultracold gases. This mechanism is related to modulated-magnetic spectroscopy or wiggle spectroscopy which has been used to measure molecular binding energies and other properties for several alkali-metal atoms [10] [11] [12] [13] [14] . A MMFR is induced by an oscillating magnetic field, B(t) =B + B cos(ωt), that is parallel to the spin-quantization axis of the atoms and near the Bohr frequency for the transition between an atom pair and a bound state either in the scattering channel or another hyperfine channel. Near a MFR, the Bohr frequency can be decreased by adjustinḡ B to bring the resonance molecule closer to the threshold. The frequencies needed for MMFR are much lower than for rf/mwFR. This allows for larger amplitudes of the oscillating magnetic field. Also, because of the parallel polarization of the oscillating field, the coupling between an atom pair and the bound state can be much stronger than for rf/mwFR. Larger oscillation amplitudes combined with stronger coupling results in greater enhancement of the scattering length.
When the applied frequency ω is near the Bohr frequency ω B , the scattering length is a simple function of arXiv:1503.02688v1 [cond-mat.quant-gas] 9 Mar 2015 ω:
whereā is the scattering length in the absence of the modulated field, ω 0 is close to ω B , and δ is the width of the resonance. The inverse scattering length has been given a frequency-independent positive imaginary part γ that is only important very close to the resonance. The parametrization in Eq. (2) ensures that Im (a) ≤ 0 for all ω, as required by unitarity. The maximum value of |Re (a) | is 1/2γ. We will show that MMFR can give large enhancements to Re (a) while still having a small Im (a). The imaginary part of the scattering length arises from collisions in which a pair of low-energy atoms emits one or more quanta of frequency ω and forms a molecule. A complex scattering length also arises when controlling the scattering length of 85 Rb with MFR because the only accessible broad resonance occurs in a hyperfine configuration with a spin relaxation channel. However, this has not prevented pioneering studies of few-and manybody physics using 85 Rb atoms [15] [16] [17] [18] [19] [20] . In OFR, a complex scattering length arises because of spontaneous and stimulated decay of the excited p-wave molecule, and the maximum enhancement to the scattering length is proportional to the laser intensity [3] . In contrast, the bound state in MMFR can be stable with respect to spontaneous decay, and the maximum enhancement to the scattering length is inversely proportional to the square of the amplitude of the oscillating field. Thus, MMFR may provide more viable applications for alkali-metal atoms than OFR.
We calculate a(ω) for a short-range potential with an oscillating depth. We show the existence of resonances near ω = ω B /n, where n is a natural number, and we extract the dependencies of the n = 1 resonance parameters δ, ∆ω 0 = ω 0 − ω B , and γ on the amplitude of the oscillating part of the potential. For small amplitudes, the resonance parameters each scale as the square of the amplitude. We examine the special case where the resonance molecule is a shallow dimer in the scattering channel. In this case, the dimensionless resonance parameters δ/ω B , ∆ω 0 /ω B , and γā are universal functions of a dimensionless oscillatory magnetic field variable that is proportional to B. We conclude by discussing an experimental application of MMFR in this universal limit.
Single-channel scattering model.-We consider a single-channel model for the effects of the oscillating magnetic field. For atomic separations r greater than r 0 , the atoms are non-interacting. For r < r 0 , the atoms interact through a square-well potential with an oscillating depth. The s-wave scattering properties for atoms with mass m are extracted from the solution to the time-dependent Schrödinger equation for u(r, t) = rR(r, t), where R(r, t) is the radial wave-function for the relative position of the atom pair:
Here and below,h is set to 1. The time-averaged depth of the potential,V , and the range, r 0 , are chosen such that the time-averaged potential supports a bound state with Bohr frequency ω B . The term proportional to V represents the time-dependent shift in the binding energy of the resonance molecule relative to the scattering threshold. For a shallow bound state in the scattering channel, this energy shift is the change in the binding energy of the molecule when the magnetic field is shifted by B. For a bound state in another hyperfine channel, the energy shift is −δµ B cos(ωt), where δµ is the difference between the magnetic moment of the bound state and the magnetic moment of two atoms.
Equation (3) can be solved by using Floquet's theorem as in Ref. [21] . This theorem asserts that for timeperiodic potentials the wavefunction can be rewritten u(r, t) = e −iEFt φ(r, t),
where the Floquet eigenvalue E F is determined by the boundary conditions, and φ(r, t) has the same periodicity as the time-dependent part of the potential: φ(r, t) = φ(r, t + 2π/ω). The wavefunction for r > r 0 contains an incoming mode with energy k 2 /m, where k is the small relative momentum of the atom pair. The requirement that u(r, t) be continuous at r = r 0 implies that E F = k 2 /m + jπω where j is any integer (taken to be zero below for simplicity). Letting φ(r, t) = g(r)f (t) and substituting Eq. (4) into (3), the Schrödinger equation separates into equations for g(r) and f (t) that can be solved analytically. The general solution is
where
The coefficients a n are determined by the boundary con- ditions at r = r 0 . The solution for r > r 0 is a superposition of freely propagating modes. The coefficients A out n and A in n represent the amplitudes of outgoing and incoming modes, respectively. The n = 0 mode corresponds to the low-energy scattering state with energy k 2 /m. The additional so-called Floquet modes with energies that differ by integer multiples of ω are necessary to satisfy the boundary conditions at r = r 0 . Physically speaking, incident particles scattering with energy k 2 /m can absorb (emit) quanta from (to) the oscillating field. They will, therefore, emerge as a superposition of modes with energies that differ from k 2 /m by integer multiples of ω. The negative energy modes are exponentially damped for r > r 0 , and they do not propagate.
Both u(r, t) and ∂u(r, t)/∂r must be continuous at r = r 0 . To facilitate the matching at r = r 0 , it is useful to make the substitution
where J j (z) is the j th Bessel function of the first kind. After inserting this into Eq. (5), the boundary conditions can be used to eliminate the a n coefficients and find a relationship between the incoming and outgoing modes: (7) where M + and M − are infinite-dimensional matrices with elements Practically, one must truncate the sums over l and j in Eq. (7). Convergence can often be achieved with fewer than six Floquet modes. The S-matrix relates the amplitudes of positive energy modes. Assuming k 2 /m < ω, this corresponds to the elements S nj with n, j = 0, 1, 2, . . .. The s-wave scattering length a is Figure 1 plots the real and imaginary parts of the scattering length as functions of frequency, demonstrating the familiar Feshbach resonance shape. In addition to the fundamental resonance near ω = ω B , there are subharmonic resonances near ω = ω B /n, where n is a natural number. Molecule formation limits the maximum value of the real part of a. The inset of Fig. 1 emphasizes this point by plotting the real and imaginary parts of a on a logarithmic scale. For small V the resonance parameters δ, ∆ω 0 , and γ are proportional to V 2 with coefficients that depend upon the parameters of the potential. The scaling laws for δ and ∆ω 0 agree with those in OFR [3] and rf/mwFR [8, 9] . The scaling law for γ has not been reported in previous work on OFR or rf/mwFR.
Shallow dimer in the scattering channel.-The singlechannel model is well-suited for describing an MMFR for which the resonance molecule is a shallow dimer in the scattering channel. The dimer's binding energy is ω B = 1/mā 2 whereā = a(B) is given by Eq. (1) with γ = 0. We chooseV such that the binding energy of the shallowest molecule E(V ) is ω B . We choose V such that the change in E(V ) from a small modification V to the depth of the potential equals the change in ω B from a small modification B to the amplitude of the magnetic field. Equating these energy shifts: Numerical results for the coefficients ofb 2 for the dimensionless resonance parameters ∆ω0/ωB, δ/ωB, and γā (top to bottom) as functions ofā along with power-law fits to guide the eye. In the largeā limit, the coefficients approach the universal numbers given in Eqs. (11) .
where we have introduced the dimensionless oscillatory magnetic field variableb = [a (B)/ā] B. In the limit a r 0 , ∂E(V )/∂V = r 0 /ā. Inserting the value of V determined by Eq. (10) into Eq. (3), we find the change in the scattering length resulting from a small oscillation of the magnetic field.
We now extract the dependencies of the resonance parameters onb by fitting the numerical results for a from Eq. (9) with the analytic parametrization in Eq. (2) for different values ofb. The resonance parameterā is set equal to a(B). The parameters δ and ω 0 are determined by fitting the real part of the inverse scattering length to the real part of Eq. (2). The parameter γ is then determined by evaluating Eq. (9) at ω = ω 0 . Figure  2 plots the numerical results for the resonance parameters as functions ofb. For smallb, the dimensionless resonance parameters δ/ω B , ∆ω 0 /ω B , and γā are proportional tob 2 . In the limitā r 0 the proportionality coefficients are universal numbers that are independent of the short-range potential: Figure 3 demonstrates this universal limit by plotting the proportionality coefficients as functions ofā.
Discussion.-The MMFR mechanism can be realized in experiment by producing a sample of atoms with one hyperfine scattering channel, selecting a resonance molecule either in the scattering channel or else in another hyperfine channel, and then oscillating the magnetic field with a frequency near the Bohr frequency ω B of the molecule and with an adjustable amplitude B. Near the resonance, a(ω) can be parametrized by Eq. (2). The resonance parameters δ, ∆ω 0 , and γ scale as B 2 with coefficients that could be either calculated by solving the time-dependent Schrödinger equation with accurate microscopic potentials or else measured experimentally. If the resonance molecule is a shallow dimer in the scattering channel, the dimensionless resonance parameters have the universal values in Eq. (11).
We illustrate the universal results in Eq. (11) with 7 Li atoms near the broad MFR at B 0 = 737.69(12) G. We consider the conditions of the wiggle spectroscopy experiment in Ref. [14] ; we useB = 743.5 G and B = 0.57 G, which impliesb = −0.18. Inserting the MFR parameters reported in Ref. [14] into Eq. (1) givesā = 1100 a 0 which implies ω B = 450 kHz. The universal results for the MMFR parameters are δ = 7.5 kHz, ∆ω 0 = 10 kHz, and γ = 1/(2.6×10 5 a 0 ). To utilize this MMFR, the frequency resolution must be significantly finer than δ. The lifetime of the resonance molecule in the presence of the oscillating field is 1/(2γāδ) = 16 ms. The maximum value of |Re (a) |, which occurs at the detunings |ω − ω 0 | = γāδ = 32 Hz, is 1/2γ = 1.3 × 10 5 a 0 . This is more than a factor of 100 enhancement overā. However, these extrema occur at the frequencies where |Re (a) | = |Im 4 , |Im (a) | can be made much smaller than |Re (a) | by decreasingb at the cost of also decreasing δ. This necessitates finer frequency resolution, since δ scales asb 2 . Since Im (a) diminishes more rapidly withb than δ, MMFR can significantly enhance Re (a) without introducing catastrophic losses from Im (a).
Summary.-We have examined a new mechanism for resonantly enhancing the s-wave scattering length a by tuning the frequency of an oscillating magnetic field that is parallel to the spin-quantization axis. Along with enhancing the real part of a, the oscillating field also generates an imaginary part associated with molecule formation. The real and imaginary parts of a can be controlled by the frequency and amplitude of the oscillating magnetic field. A simple model was used to determine how the resonance parameters scale with the amplitude of the oscillating field. For the special case where the resonance molecule is a shallow dimer in the scattering channel, the dimensionless resonance parameters are universal functions ofb. These universal results demonstrated that MMFR can significantly enhance the scattering length without introducing catastrophic losses.
